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First-order coherent resonant tunneling through an interacting coupled-quantum-dot
interferometer: Generic quantum rate equations and current noise
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We carry out a detailed analysis of coherent resonant tunneling through two coupled quantum dots (CQDs)
in a parallel arrangement in the weak-tunneling limit. We establish a set of quantum rate equations in terms of
the eigenstate representation by means of a generic quantum Langevin equation approach, which is valid for
arbitrary bias voltage, temperature, and interdot hopping strength. Based on linear-response theory, we further
derive the current and frequency-independent shot noise formulas. Our results reveal that a previously used
formula for evaluating Schottky-type noise of a “classical” single-electron transistor is a direct result of
linear-response theory, and it remains applicable for small quantum devices with internal coupling. Our nu-
merical calculations show some interesting transport features (i) for a series CQD: the appearance of a negative
differential conductance due to the bias-voltage-induced shifting of bare levels or a finite interdot Coulomb
repulsion, and (i) for a parallel CQD in strong interdot Coulomb repulsion regime: finite-bias-induced
Aharonov-Bohm oscillations of current, and magnetic-flux-controllable negative differential conductance and a

huge Fano factor.
DOI: 10.1103/PhysRevB.77.085309

I. INTRODUCTION

The investigation of quantum oscillations between two
levels in a coupled-quantum-dot (CQD) system under trans-
port conditions has been the subject of enormous interest
over the past decade.!? Recently, a CQD arranged in parallel
between source and drain has been experimentally reported
to constitute a mesoscopic quantum dot (QD) Aharonov-
Bohm (AB) interferometer,>™ and it is believed that manipu-
lation of each of the QDs separately and the application of
magnetic flux piercing the device can provide controllable
parameters for the design of transport properties by tuning
quantum oscillations.>"!3

To describe such quantum oscillations in quantum trans-
port, master equations and a “quantum” version of rate equa-
tions were first proposed by Nazarov and co-workers,'*!3
and later derived from the Schrodinger equation,'®!” respec-
tively. These original works are mainly for a CQD in a series
arrangement between leads in the limit of zero temperature
and large bias voltage. The authors have generalized the
quantum rate equations (QREs) for the case of a CQD inter-
ferometer in the same limit and employed them to study
magnetic-flux-controlled photon-assisted tunneling.'> Re-
cently, a bias-voltage- and temperature-dependent generali-
zation of the QREs was carried out by the authors, employ-
ing the nonequilibrium Green’s function in the limit of weak
dot-dot coupling.'® However, the dot-dot coupling of the
CQD device is usually tuned using gate voltage in experi-
ments, and it may not be weaker than the tunnel coupling to
external electrodes. Therefore, it is desirable to develop ge-
neric QREs without assuming weakness of the dot-dot cou-
pling for the purpose of systematically analyzing the trans-
port properties of a CQD system.

To accomplish this, we employ a generic quantum Lange-
vin equation approach to derive the QREs in the eigenstate
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representation. The main result is the determination of a dif-
ferent coherent transfer term that emerges in all dynamic
equations of the reduced density-matrix (RDM) elements
stemming from the effective coupling between two eigen-
states due to tunneling, which is absent from our previous
results for QREs.!® In addition, other coherent terms occur in
the ensuing QREs for a CQD interferometer due to interfer-
ence between the two path branches enclosing magnetic flux,
which is responsible for the AB oscillation feature of trans-
port, as expected.

In another emerging aspect of CQD systems, studies of
current fluctuations have become an important topic.'®?"
Several analyses of shot noise in a CQD system have been
undertaken by means of the QRE approach.>!? Most of
these works have involved calculations in the large bias-
voltage limit for CQDs in series>' 232326 or in parallel.”® Our
earlier work was carried out with analyses based on our pre-
vious QRESs and, correspondingly, it is only valid for the case
of weak dot-dot hopping.”> Moreover, some other recent
studies of bias-voltage-dependent shot noise of a CQD have
not treated the quantum coherence effect.”’?® Therefore, in
this paper, we will also analyze zero-frequency shot noise of
an interacting CQD using the presently developed QREs,
focusing our attention on the coherence and interference ef-
fects and its magnetic-flux dependence at both large and
small bias voltages.

The outline of the paper is as follows. In Sec. II, we
present our physical model for a CQD interferometer con-
nected to two electrodes and derive a set of QREs using a
generic quantum Langevin equation approach with a Mar-
kovian approximation in describing the dynamic evolution of
the RDM elements under transport conditions. Such micro-
scopically derived QREs are valid at arbitrary bias voltage
and temperature, and dot-dot hopping strength as well. In
this section, we also derive the current and frequency-
independent shot noise formulas in terms of the RDM ele-
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FIG. 1. Schematic diagram for coherent resonant tunneling
through a parallel-coupled double quantum dot system in an
Aharonov-Bohm interferometer.

ments using linear-response theory. Employing the obtained
formulas, we then investigate the transport properties of a
CQD in series in Sec. III, stressing the asymmetric transport
property. Moreover, we study in detail the combined effect of
the additional coherent transfer term and the two-pathway-
interference term on current (Sec. IV) and on shot noise (Sec.
V) of a CQD interferometer. A summary is given in Sec. VL.

II. HAMILTONIAN AND FORMULATION

The parallel-coupled interacting QD interferometer con-
nected to two normal leads is illustrated in Fig. 1. The
Hamiltonian is given by

H:HL+HR+HD+HT? (1)

where H, (7=L and R) describes noninteracting electron
baths in the left and right leads, respectively:

Hy= zk: (&= I““?i)aizkavk’ 2)

with a,) being the annihilation operator of an electron with
momentum Kk and energy e, in lead #, and w, being the
effective Fermi energy of lead %. In our studies, a bias volt-
age V is taken to be applied symmetrically between the two
electrodes, i.e., u;=—ugp=eV/2, to sustain a persistent elec-
tron flow from one lead to the other. In equilibrium, V=0, we
set u;=ur=0. Throughout, we will use units with Ai=kz=e

The Hamiltonian of the isolated CQD system, Hp, is

Hp= > sjc}'cj + Ucleiches + Qlcley +chey), (3)
j=12

where c; is the annihilation operator for a spinless electron in
the jth QD (j=1 and 2). &; is the energy of the single level in
the jth QD, measured from the Fermi energy of the two
electrodes at equilibrium, &,;)=g,* 6, with & being the bare
mismatch between the two bare levels. Here, we assume that
only one single-electron level in each dot contributes to cur-
rent. It should be noted that since we consider first-order
resonant tunneling in this paper, and take no account of spin-
flip scattering and spin-flip cotunneling processes (second-
order tunneling processes), it is reasonable to assume spin-
less electrons in our model. The second term represents the
interdot Coulomb interaction U. The last term of Eq. (3)
denotes hopping, (), between the two QDs.
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In this CQD system, there is a total of four possible states
for the present system: (1) the whole system is empty, |0)
=|0),|0),, and its energy is zero; (2) the first QD is singly
occupied by an electron, [1)=]1),|0),, and its energy is &;
(3) the second QD is singly occupied, |2)=10),|1),, and its
energy is &,; (4) both dots are occupied, |d)=|1)|1),, and its
energy is &;+&,+U. Furthermore, with the four possible
single electronic states considered as the basis, the density-
matrix elements may be expressed as pPg=|0)0|, A,
=|1)X1|, p0=[2)2|, paa=|d){d|, and p;,=|1)(2|. The statisti-
cal expectation values of the diagonal elements of the density
matrix, poo={poo)s p;;=(P;; (/=1 and 2), and pgy={Paa). give
the occupation probabilities of the electronic levels in the
system being empty, singly occupied in the jth QD by an
electron, or doubly occupied by electrons, respectively. The
off-diagonal term p,,={p,,) describes coherent superposition
involving two electronic occupation states, |1);/0), and
|0)4]1),.

To properly account for interference effects between the
two pathways for tunneling through the system at hand, it is
convenient to diagonalize the Hamiltonian of the isolated
CQD by a unitary transformation

0 6
= cos 2|1) + sin ~|2), 4
|a) cosz| )+s1n2| ) (4a)

(% 0 QO
|B) = sin §|1>—cos 5|2), f = arctan > (4b)

The transformed Hamiltonian is

Hp=N,Ja)al +Ngl BBl + (e, + &5+ U)d)d],  (5a)
where A, is the eigenenergy,
)\a(ﬁ)=8di A, (5b)

with A=yQ?+ . Correspondingly, the density-matrix ele-
ments in the new double-dot eigenstate basis, p,,=|x){x| and
Pap=|a)B|, have similar physical meanings to those in the
site representation (SR). The relations between these density-
matrix elements of singly occupied states in different bases
can easily be deduced from the unitary transformation, Eq.
(4). (Note that the empty state, py,, and the double occupa-
tion state, p,s; have the same meaning in both representa-
tions.)

The tunnel coupling between the interferometer and the
electrodes, Hr, can be written in the eigenstate representation
(ER) as (sy= sing and cy=cos g)

Hp= 2 [(VLlewMaZk + VRle_[(p/4a;€k)(Cﬂ|o><a| + 50|0><B|
k

— solaXd| + cqgB)d|) + (VLZe_i‘P/4azk + VRzei‘P/4a£k)
X (56100 a| = colOXB| + cgla)d| +s¢ B)Xd])
+H.c.]. (6)

For simplicity, the lead-dot tunneling matrix elements, V,,
are assumed to be real and independent of energy. The factor
e~ is the accumulated Peierls phase due to the magnetic
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flux ® (¢=27D/D,, ®y=hc/e is the magnetic-flux quan-
tum) which penetrates the area enclosed by two tunneling
pathways of the interferometer.

In the following, we apply a generic quantum Langevin
equation approach3*3¢ to derive a set of QREs to describe
the dynamics of the system variables of the CQD due to
coherent resonant tunneling between external reservoirs, as
modeled by Eq. (1). In the derivation, three steps are in-
volved: First, we start from the Heisenberg equations of mo-
tion (EOMs) for the density-matrix operators pog, Py, and
paq in the ER and related reservoir operators c,y, and then
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formally solve them by integration of these EOMs exactly.
Next, under the assumption that the time scale of decay pro-
cesses is much slower than that of free evolution, which is
reasonable in the weak-tunneling approximation, we replace
the time-dependent operators involved in the integrals of
these EOMs approximately in terms of their free evolutions.
Third, these EOMs are expanded in powers of the tunnel-
coupling matrix element V,; up to second order. By adopting
a Markovian approximation, we finally derive the generic
QREs with arbitrary bias voltage and temperature, as well as
arbitrary dot-dot hopping, as

1.
Poo=— [Cé(FTla + F;zﬂ) + S¢29(FJ1r13 +15,,) + 5 sin ('}, + 175, — Fszﬁ - Fzm)] Poo

_ _ 1. _ _ _ _ 1 _ _
+ [C%Fna"‘ S%)rzza"' 5 sin 61"}, + FZla):|paa+ |:5129F11B+ ane‘FZZB_ 5 sin 0I5+ sz)]Pﬂﬁ

I . _ _ _ _ 1 _ _ _ _
+ 1 sin O(I'7;, + T} 18~ 10— FZZB)(paB + Ppa) + E[Sé(FIZa + FIZ,B) - C%a(rzm + le,e)]Paﬂ

1 _ _ _ _
- E[C%}(Fua"' F]ZB) - Sza(rzla + leﬁ)]l)ﬁm

(7a)

I . _ _ 1 . _ _
Paa= [Czarha"‘ S29F;2a+ 5 sin O(T"],,, + F;la):|p00_ [C%arua*‘ 520F22a+ 5 sin O(1"7,,, + sz)]Paa

= = 1. = = = ~_ 1. = ~_
- {SéFTlﬁ"' C%I;zﬁ‘ 5 sin 9(FT2/3+ F;lﬁ):|paa + [Cérzzﬁ + Sérllﬁ_ 5 sin 9(F12[3 + Fzm)]Pdd

1 . _ _ ~ ~ 1 i ~ B ~
- Z sin a(rllﬁ - FZZﬁ =T+ F;m)(PaB + p,Ba) - E[Sé(rnﬁ T, - Cé(rzm - F;rm)]Paﬁ

1 _ ~ ~ -
- E[S%)(leﬁ - F;m) - C20(F12,8 - FTZa)]pBa’

(7b)

1 1
: 2 2 - 2 - . - -
Ppp= [Serhﬁ"' col5p— 5 sm oI5+ F;lﬁ):|p00_ |:S0F11,B+ ol p— 5 Sm O 55+ Fzm)]l)ﬁﬁ

= = | ~ ~_ ~_ I = ~_
- {Céﬁla + 5%)F§2a+ 5 sin (1"}, + F;la):|p/3,8+ |:3429F22a+ C¢Z9F11a+ 5 sin O(I"7,, + F21a):|pdd

1 - P L
2 sin O(I'7, = T35, = FJlrm + F;Z,B)(paﬂ +Ppa) = E[SZH(FIZQ - FJIrZB) - Cé(rzm - rglﬁ)]paﬁ

1 _ ~ B -
- E[S2H(F21a - F;w) - C?)(FIZa - FTzﬁ)]P,Ba»

(7¢)

_ _ S BV _ I
Pda= |:520FJIrIB + C%)F;w D) sin 0(FT23 + F;m) ] Paat |:C20F+l—1a + S%orgw + 5 sin O(T"},, + F;la):|pﬁﬁ

= = = = | e = = ~_
- [S%(Fflﬁ +175,) + Cé(FIIa + 1—;2/3) + 5 sin O(I"7,, — Fopg+1o,— F21B):|pdd

1 e e A 1o = o
4 sin (I}, + Fme -15,- F;Z,B)(paﬂ +Ppa) = 5[5§(FJ{2a + F_{Zﬁ) - Cfa(FLa + F;m)]/’aﬁ

1 ~ ~ ~ ~
+ E[C%)(Fba + Fsz,e) - S§(F§m + F;m)]P,Bw

(7d)
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1 1
Pap=128p .5+ {4 sin 0Ly, + 171 5= 155, = [55p) = CH(FIZa +Ihp) + ES%(FZM + F;@} Poo

1 B B ~ ~ . N ~ ~ | _ . _ B ~
- E|:C§(Flla+ g+ Iy, + Fzz,g) + Sze(rnﬁ"' o+ Fwa"‘ [55,) + 5 sin O(1" 5, + 15y, = Fhog=-Tha+ ',

L 1 ) B L
+15,,- FTz/s— F;lﬁ):|paﬂ+ 5|:Cé(1—‘12a 12,3) _SG(FZIa F;w) - sin 0T}, — F22a_FTl,8+ FZZB):|paa

1 - - = Lo -1 T +T
+ 5{620@1%— ') - S%}(leﬁ_ I3, - 5 sin ‘9(FIIB_ F22B_ e+ FEZ“)}pBB

1 ~ ~ ~ ~ ~ ~ ~ ~
+ E{E sin 010+ I =Ty = I p) + cfMhaa I'hp) - 5o o0+ leﬁ)}Pdd’ (7e)

where the electron tunneling-in(out) rates are defined as

J/X E Fw/x 277 mei()\)(), (8a)
L= 2 Loy = 2 Lo0e 72 f (N, (8b)
a1y = 2 Ty = 2 Ty 72, (1), (8¢)
n 7
Ui E Fn//x > Fnjff;:z()‘x"' U), (8d)
n

F1_2X E Fv12x > szeé”w/zf;,:(M*‘ U), (8e)
7

FEI)( E F7721)( 2 Fr]lZe_x”i‘P/zfi()\X—" U) (Sf)
7

[f;(e) is the Fermi distribution function of lead 7, f:](e)zl
-f,(€), and s;p= = 1] with

Ui =20V iV 9)

being constant in the wide band limit (g,, is the density of
states of lead 7). I',;;» represents the strength of tunnel cou-
pling between the jth QD level and lead # if j=j'; otherwise
(j#J'), it measures the interference in tunneling through the
different pathways. The adjoint equation of Eq. (7e) gives the
equation of motion for the RDM off-diagonal element pg,.
Also, we must note the normalization relation pyy+2,p,,
+pgq=1. Simple rate equations written in the ER were ob-
tained earlier in Ref. 37 for double-well semiconductor het-
erostructures.

In the ER, the CQD interferometer is equivalent to a
single QD with two energy levels, both of which couple to
the two electrodes such that either level is tunnel coupled to
either electrode via two different pathways with different
tunneling matrix elements depending on differing accumu-
lated phases due to the magnetic flux [see Eq. (6)]. Figure 3
below exhibits schematic diagrams of energy configurations

for coherent tunneling through a CQD in the ER. In this
situation, all tunneling events can be classified in three dif-
ferent categories. For example, I'}, , ('}, ,) describes the tun-
neling rate of an electron entering (leaving) level « in the
CQD without the occupancy of level B via pathway 1 (indi-
cated by the upper line in Fig. 1). Similarly, I3, (I'5,,)
denotes the same tunneling process via pathway 2 (indicated
by the lower line in Fig. 1); I'},, (I'},,) describes the inter-
ferential tunneling process of an electron entering (leaving)
level a without the occupancy of level 8 due to the interfer-

ence between the two pathways 1 and 2. All f;"x are the

corresponding rates in the case of double occupation. Natu-
rally, only the interferential tunneling term suffers an accu-
mulated phase factor as shown in Egs. (8b) and (8e).

Therefore, the classical parts of the dynamical equations
of the RDM diagonal elements have clear classical interpre-
tations. For example, the rate of change of electron number
in level «, p,,. in the CQD, governed by Eq. (7b), is con-
tributed by the following four single-particle tunneling pro-
cesses: (1) tunneling into level a of the CQD from both left
and right leads, if the CQD is initially in the empty state pgg;
(2) tunneling out from (into) level a (B) of the CQD into
(from) both leads, when the CQD is initially just in the state
Poes (3) tunneling out from level B of the CQD into both
leads, when the CQD is initially in the state p,,, via path 1,
path 2, and interference contributions. The last three terms in
Eq. (7b) describe transitions between two eigenstates
through the effective coupling with off-diagonal elements via
both paths and interference, which have no classical counter-
part. They are responsible for coherent (quantum) effects in
the transport. We note that even though there is no direct
coupling between the two eigenstates of the isolated Hamil-
tonian [Eq. (5a)] in the ER, the tunnel coupling described by
Eq. (6) results in an effective transition between them and,
thus, leads to a quantum superposition state between the two
eigenstates, whose dynamics is ruled by the equation of mo-
tion of the off-diagonal element p,z [Eq. (7e)].

The tunneling current operator through the interferometer
is defined as the time rate of change of the charge density,
anﬁka;ka,,k, in lead #:
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J,==N,=i[N,H]. (10)

According to linear-response theory in the interaction picture, we have
1
IL=<JL>=—if ar'{[J.(t),H,(t")].). (11)

Along the same procedure as above, we arrive at the following expression for the current within the weak tunnel-coupling
approximation:

1. _ _ 1. _
I = |:C%9(lela + F222[3) + S%(FZHB +1700,) + 5 sin O(L'7 150+ 710 = FZIZ,B - Fbm)]ﬁ’oo - [C%}Fum + SZOFLZZQ + 5 sin O(I'7 15,
- 27+ 27— [ T+ i 21— 27— [ - -
+1'7210) |Paat sol t11p+ Col'1op— 5 sin 9(FL12B+ FLZI,B) Paa— | Sl Li1p+ Col 1225~ 5 sin G(FLIZB + FLZlﬁ’) Ppp

- ~ 1 ~ ~ 111 . _ _ _ _ _ _
+ [C%orumﬁ S‘29FL22a + 5 sin O(I'7 15, + FL21a):|pBB_ E[E sin O(I'7 ;0 + Fiipg=Tina- FLZZB) + Si‘r(rma +110p)

) ) i1 - - - _ - _ _
- C20(FL2]41+ FLZIB):|pa,B+ 5{5 sin O('] 0, + FJizzB_ Tl ia— FZII,B) - 520(F212a+ FZIZ,B) + C20(F22]a+ FZZIB):|pa,B

111 . _ _ _ _ Py - 21— -
- 5[5 sin O(I'7; o+ Uinip=Tia0a— FLZZB) —coTra + FLIZE) +5(T 10t FL21B):|pﬁa

it - _ _ _ _ _ _ _
+ 5[5 sin 0(177 2, + szﬁ e FZIIﬁ) + 620(F212a + FZIZ,B) - Sé(rz21a + FZZIB):|pBa

~ ~ ~ ~ 1 ~ ~ ~ ~
25— 25— 25— 25— . _ _ _ _
- [Serum"‘ it Sl 100+ ol 120p— 5 sm O 2= Trinat Uiaig— FLZla):|pdd‘ (12)

Interchanging the subscripts L and R, we obtain the tunneling current /5 relevant to the right lead. It is easy to verify that
I, ==Ig. This current formula demonstrates that all possible tunneling events relevant to lead 7 (tunneling through both paths
and with the interferential term) provide corresponding contributions to the current of lead 7; the current is determined not
only by the RDM diagonal elements, but it also involves the off-diagonal elements explicitly.

Another observable of interest is the current noise, whose spectrum is defined as the Fourier transform of the symmetric
current-current correlation function

©

o1
Syy(@)= | dre (810,80, (1)].). (13)

—0o0

with 87,(t)=J,(t)~1,. Here, we only consider the frequency-independent (Schottky-type) shot noise. Employing linear-
response theory, we can also evaluate its statistical expectation value to the first nonvanishing term in H;, obtaining

1 - 0 0 ! 1 1
SiL= Ej dr([J7(),J7(t")],) = [C%(FZI lat FJerz,B) + SZQ(Fleﬁ'l' T7m4) + 5 sin (7 120+ T o1 0= FZIZB_ FZZI,B):|pOO
2 27— 1 - - 275+ 27 | N =
+ | ol 1t el 1200+ 5 sin 01120+ I'014) [Paat selrnpt coliop— 5 sin a(rmg"' FLZlﬁ) Paa
27— 27— 1 - - 27 27 . = =
+ | sel gt ol Taop— 5 s H(FL12B+ FLZIB) Ppat | ol Liiat Sel 1000+ 5 sin (17 150+ T014) [Ppg
. - - - - 21— - 27— — r. o+ +
+ 515 sin O(I'yy,+ g4 18~ Ulooa— FL22B) + 59U 100+ FLIZB) —co(Tpnpa+ rLZl,B) Papt 512 sin O('7 55, + Uaop
_ _ — ~ ~ ~ 111 . _ _ _ _ _
T FZIIB) - Sé(FZIZa + FZIZB) + Ctza(rbm + FZZI,B):| Papt 5{5 sin 017, + Uiip=Tioa- FL22,B) - CZH(FLIZQ

111 ~ ~ ~ ~ ~ ~ ~ ~
- 21 - . 2 2
+ FLIZB) +55(T 210+ FLZ],B):|pBa + E[E sin O(17 5, + FZZZB -Tr.-T7, 15) + (T 1a+ FZIZB) — 55T 10+ FE],&)]P@

= = ~_ ~_ | ~_ = =
+ [Séru 1t CZQFLl lat S%arLzza + c20FL22ﬁ_ 5 s 0(FL12ﬁ_ Uiia+Uinip- FLZ]a):|pdd' (14)
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The corresponding result for Sz is obtained by interchang-
ing the subscripts L and R in Eq. (14). In leading order,
S LR:S RLZO'

This shot noise formula merits further discussion. It is
well known that the Schottky noise originates from the self-
correlation of a given tunneling event with itself. In litera-
ture, this term has been elaborately studied for a sequential
picture of resonant tunneling through a double-barrier tran-
sistor using a master equation,’*** and also using a stochastic
wave function approach.*! These previous studies show that
the classical intrinsic shot noise can simply be expressed by
the formula3®40

Spp= 20 (+) YuPls (15a)

provided the current can be written in the following form:

0
17]:2 (+/_)77]npn’

n

(15b)

where p is a vector whose components are the RDM ele-
ments of the single-electron transistor, the superscript “0”
indicates its stationary solution based on the rate equation,
and v, is the corresponding rate of a possible tunneling
process that can change the state n of the single-electron
transistor and contribute to the current of lead 7. This is to
say that all single-particle tunneling processes involving lead
7 will give a positive (+) or a negative (—) contribution to
the current of lead 7, depending on whether an electron is to
enter or to leave this lead in a particular tunneling process;
nevertheless, self-correlation terms in all these same pro-
cesses will always result in a positive (+) contribution to the
Schottky-type shot noise, and the only difference between
the current and the self-correlation noise formulas [Egs.
(15b) and (15a)] is a sign change. We note that Eq. (15a) has
only been proved for a classical double-barrier tunneling de-
vice, in which the RDM of the device has only diagonal
elements (thus, p2>0) and the tunneling rate v,, is always
non-negative (7y,,=0). Without attempting to rigorously
verify its validity, this scheme has been recently applied di-
rectly to calculate the Schottky-type shot noise of a QD sys-
tem having coupled internal degrees of freedom, but with its
current being explicitly dependent only on RDM diagonal
elements which always have positive values.?*> The present
theoretical formulation circumvents this problem. Further-
more, we prove here that (1) this scheme is just a result of
linear-response theory in the weak-tunneling limit, and (2)
this scheme remains valid for the calculation of Schottky-
type shot noise of a CQD interferometer, for which not only
RDM diagonal elements contribute to the current, but also
off-diagonal elements, with stationary values and corre-
sponding tunneling rates which could possibly be both nega-
tive.

III. COUPLED QUANTUM DOT IN A SERIES
CONFIGURATION

In this section, we discuss coherent resonant tunneling
through a series CQD in the case of infinite interdot Cou-
lomb repulsion, U=<e. In this case, the corresponding tunnel-
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ing amplitudes and the interferential tunneling vanish, I';,,

=I'z11=0, T, 1,=T¢1,=0, and all ['=0. We also choose §=0
(e1=82=8,).

For comparison with our previous QREs in the case of
weak interdot hopping,'® we reexpress the resulting generic
QREs [Egs. (7a)—(7e)] in the SR for the case of a series

*

configuration (FLiX= I';y, and F1§X=F1§22X):
poo=— T +TR)poo+ T p1i + oo

1
+2 sin (I, + T, = T =Trp) (P12 + p21),

(16a)
pi=T1po0—Tipin +iQ(ps1 - p1o)
1 . _ _
a sin (1", — FLB)(pIZ +p21), (16b)
p22=Trpoo = Trprr = iQp21 = p1o)
1. _ _
v sin (g, = Txp) (P12 + p21)s (16¢)

) . . I~
p12=1i28p1n = iQpyy = pr) - E(FL +TR)p1n
1
+ Z Sin H(an + I‘;a - FZﬁ_ I‘;B)poo

1. S L. S
— Z sin Q(FRa— FRB)p“ - Z Sin 0(FL(1_ FLﬁ)pZZ’

(16d)
with ppo+p11+pa=1 and py=p;,, in which
Iy =l +s3l L, (16e)
and
[k =550 ka* ¢l kg (16f)

denote the effective tunneling rates between the first (second)
dot and the left (right) lead. The current becomes

_ I . _
I,=T7po—Tpp1i = 4 sin (I, - FL,B)(/)IZ +p21)-
(17)

Comparing with our previous results [Egs. (39a)—(39¢) of
Ref. 18], we find some different features in our present QREs
[Egs. (16a)—(16d)] in the SR: (1) The tunneling rates be-

tween dot and lead, fiR, are modified to account for the
effect of interdot hopping. (2) More interestingly, effective
interdot hopping induced by tunneling to external electrodes
provides a different contribution, which is dependent on the
real part of the RDM off-diagonal elements, to the dynamics
of the RDM diagonal elements stemming from quantum co-
herence [for instance, the fourth terms on the right hand side
(rhs) of Egs. (16b) and (16¢)]. (3) Conversely, this effective
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FIG. 2. [(a) and (c)] Average current and [(b)
and (d)] the differential conductance vs bias volt-
age with several different interdot hopping

4 6 strengths 1/T'=0.2, 0.5, and 1.0. (a) and (b) are
plotted for &,/T'=1.0, (c) and (d) for &,/T

=-—1.0. The thick lines denote the results calcu-
lated by the present QREs [Egs. (16a)-(16d) and
(17)], while the thin lines arise from the previous
QREs [Egs. (39a)-(39¢c) in Ref. 18]. The tem-
perature is fixed as 7/1'=0.2.

0.4 0.4
(a) (©)

0.2 0.2
02 T/T=0.2 02 T/T=0.2
-0.4 -0.4
-6 -4 -2 0 2 4 6 -6 -4 -2 0

0.3

(d) e /T=—1.0

0.2

0.1

0
-6 -4 -2 2 4 6 -6 -4 -2 4 6

0
v/

0
v/

interdot hopping also leads to a different damping of quan-
tum superposition related to the diagonal elements them-
selves, as shown by the final three terms on the rhs of Eq.
(16d). Moreover, the real part of the off-diagonal elements
makes an explicit, direct contribution to the tunneling current
and Schottky-type shot noise.

In regard to the fact that our previous QREs are only valid
for the case of weak interdot hopping, whereas our present
QREs are derived without that limitation, it is interesting to
note that the present generic QREs do reduce to the previous
QRE:s in the limit —0 (<I"; ). In this situation, from Eq.
(5b) we have \,g=g,%Q (6=0), leading to \,~\z and,
thus, Ff]a% Ff}’B. This approximate relation eliminates the ad-
ditional quantum coherence terms of Egs. (16a)—(16d) due to
the tunneling-induced effective dot-dot hopping, and, conse-
quently, the QREs reduce exactly to our previous results. For
numerical verification of this assertion, we examine the ef-
fect of hopping ((2/I'=0.2-1.0) on resonant tunneling in
Fig. 2, where we plot the average current /, and the differen-
tial conductance dI/dV, as functions of bias voltage for two
cases, €,/I'=1.0 and —1.0. Hereafter, we choose a com-
pletely symmetric geometry, I';|;=I"z2,=I", and use I" as the
unit of energy, and the current is normalized to %F . We ex-
hibit the calculated results using the present QREs [Egs.
(16b)—(16d)] by the thick lines and those of the previous
QREs [Egs. (39a)—(39c¢) in Ref. 18] by the thin lines.

It is obvious that there is no nontrivial difference in the
separate calculations for these physical quantities in the case
of weakest dot-dot hopping, {2/I'=0.2. With increasing dot-
dot hopping, the difference between the two theories be-
comes unambiguous and cannot be ignored. In particular, a
zero-bias peak in the differential conductance, dV/dl, is
found by the present theory for the system of ¢,/I'=1.0 with
dot-dot hopping /I'=1.0, in contrast to the peak splitting
around zero-bias voltage predicted by the previous QREs.
On the other hand, for the system of &,/I"'=-1.0, both cal-
culated results for differential conductance show a peak-
splitting structure, but they have different splitting widths.
The transport properties are clearly asymmetric between the
systems with €,>0 and &;<0, which have already been
pointed out in linear transport regime.’ In fact, this asymmet-
ric feature can be easily explained by examining the ener-
getic structure of the present system. As mentioned above,
the CQD in the ER can be mapped onto a model of a single

QD with two levels, & and B, each connecting to both elec-
trodes with different tunneling matrix elements. The physical
picture is illustrated in Fig. 3, which includes a total of six
configurations [ (a)—(f)], showing the relative relations among
the two eigenenergies and the Fermi energies of the two
electrodes. For simplicity, we set 7=0 in the following
analysis. In configurations (a) and (d), the CQD is always
singly occupied by an electron, while it is always empty in
configuration (b). The three cases have all vanishing first-
order tunneling current and current noise because the two
eigenlevels are both far away from resonance with the Fermi
levels of the two electrodes. On the contrary, both eigenlev-
els are in resonance with the Fermi levels of the electrodes in
configuration (c), which is actually equivalent to a picture of
resonant tunneling under extremely large bias voltage. It is,
therefore, not unexpected that the resulting rates and current
in this case are identical to the results obtained by Gurvitz
and Prager for the same system,'® as well as matching our
previous results for the same conditions.'3

Moreover, it is quite surprising that the current is also
zero in the resonant configuration (e). We can ascribe this

QD

@ (b) ©
_a_

(@ (e) ()

FIG. 3. Schematic energetic configurations for coherent tunnel-
ing through a CQD in the ER. The CQD behaves as a single QD
with two levels «a and B, both of which are coupled to both the left
and right leads. In configurations (a)—(c), the additional quantum
coherence terms automatically vanish in the QREs (16a)-(16d) and
in the current formula (17), while in (d)—(f), they play an important
role in tunneling.
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result to the strong Coulomb blockade effect, which blocks
the entry of an additional electron into the singly occupied
CQD even though the upper eigenlevel is in resonance with
the Fermi levels of the electrodes. The situation is different
in configuration (f), in which only the lower eigenlevel is in
resonance with the Fermi levels of two leads and, thus, a
nonzero current occurs. We note that this current is always
smaller than the current in configuration (c). [This is only
true for a series CQD, while for a parallel CQD, the situation
may be opposite (see below).] Actually, configuration (f) de-
scribes a picture of resonant tunneling under a small bias
voltage, in contrast to the case of large bias voltage in con-
figuration (c).

It should be noted that our present QREs are also appli-
cable for the cases with a detuning of the bare level energies,
i.e., 0#0. Actually, spatial variation of bias voltage on the
series CQD is quite a central issue in the present studies.*?=#*
Without loss of generality, we assume that the bare QD en-
ergies are shifted by the bias voltage as g,=g,% 7V, and
assume further that one-fourth of the applied voltage drops at
the contacts between the QDs and the leads, i.e., the bias-
voltage-induced shifting factor »=1/4. As an illustration, we
exhibit the effects of energy shifting on the electron occupa-
tion numbers of two QDs and the current in Fig. 4. It is
found that the main effect of the spatially varying electric
field is to cause an appearance of negative differential con-
ductance (NDC) in the current-voltage characteristics, which
has been reported previously by nonequilibrium Green’s
function calculations*® in order to explain the experimental
results in the Tour molecules.*> Here, we can give a simple
interpretation for the appearance of NDC as follows: Due to
the spatial variation of bias voltage, the eigenenergies for the
CQD become voltage dependent, g =g, VO + 77V
This dependence remarkably modifies the electronic occupa-
tion behavior in comparison with the no shifting case. Elec-
trons have more opportunity to occupy the first QD for large
bias voltages, leading to a decrease of the occupation number
of the second QD, p,,, with increasing bias voltage as shown
in Fig. 4(a), which is the reason for the appearance of NDC,
because the nonequilibrium current is dominatively depen-
dent on the occupation number of the second QD in the
series configuration.

IV. COUPLED QUANTUM DOT IN A PARALLEL
CONFIGURATION

Focusing attention on the case of resonant tunneling
through a parallel CQD, we again choose the optimal reso-

nant condition, 6=0, and we also assume the tunneling con-
stants as FLII:FRZZ:F and FL22=FR”=F,, thus FL]ZZFRIZ
=+\I'T’, which yield

+

Ty =T + TR (), (18a)

=T L) + TR (N, (18b)

i, = T[N ) + €2 fs (A )], (18¢)
5 =TT T2 ) + @92fe (N )] (184)

At first, we consider the case of U— . If dot-dot hopping
vanishes, i.e., =0, the QREs coincide with our previous
results in Ref. 46.

A. Simplified quantum rate equations in the site
representation for configurations (c) and (f)

The energetic configurations for coherent tunneling
through a CQD interferometer are also depicted in Fig. 3.
Analogous to the series CQD, only configurations (c) and (f)
bear nonzero tunneling current for the present parallel ar-
rangement. For reference purposes, we therefore provide the
simplified QREs written in the SR at zero temperature for
these two configurations below.

For an extremely large bias voltage [configuration (c)],
these tunneling rates simplify further as I" Jl'm( =1 0ap=1"

220 = 10 =T"s Thap =109 ="TT"€'??, and I,
=F;la(ﬁ)=w"ﬁe‘i¢/2. The simplified QREs in terms of the
SR finally become

poo=1"p11+Tpy— (T +T")pyo+ \“TI‘/(ei‘P/zplz + e—i:p/2p21),

(19a)
p11=Lpoo=T"py1 +iQ(py; = p12)
1 ) .
~ I @i+ pyy), (19b)
p22=T"poo—T'pry = iQpy; = p12)
1 ) .
- EV’W(W’ pra+ e p,y), (19¢)

085309-8



FIRST-ORDER COHERENT RESONANT TUNNELING...

o P
P12 =i20p1p = ip11 — px) - E(F +T")p1a +\IT e/ py,

1 — .
- EVTF'e_ZM(Pn +p), (19d)

along with the normalization relation, pyy+p;;+pyp=1 and
p21=p142. As expected, we note that the resulting QREs [Egs.
(19a)—(19d)] coincide with those of our previous derivation
for the same system analyzed in Ref. 13. The current be-
comes

I =T +T")py,

Ig==[I"p; +py+ \"ﬁ(ei‘P/zPu +e7%p,)]. (20)

Moreover, the system of configuration (f) yields
. 2 1 ;. () .
pr1=|Isy- EVFF sin 6 cos Py Poo + i1 — p12)
’ 2 1 / ros ¢
—|I'"+Tcy+ —NI'T" sin Bcos — |py;
2 2
1 ,’ 1(,ie/2 —i@/2 1 1 2(,—ipl2
- E\TF (e pra+e ¥ pyy) — E\TF sge” " p1a

. )
+e97py) - ZF sin 0(py2 + pa1), (21a)

. NN B == ¢ :
P2= (F cp- EVFF sin 6 cos E)Poo —iQpy = p12)
r 2 1 I o ¢
—|T+Tsy+ E\e‘lT sin @ cos 5 02
1 ’/_, . i 1 /_ i
- E\TF (e"%p1y+e7¥%py)) - 5\"FF/C%9(€ “2p,

4 i
+e'%%p,)) - ZF' sin 0(pyp + pay), (21b)

1 = )
P12 =2ip1y = iMp11 — px) — E[VFF' sin 6e'®? + T (s5+ 1)
2 1 / 1 i@l2 1 AYS
+T(cy+ Dlpn+ E\TF e'® _Z(F+F )sin 6 | pgo
U ien2 U =7 2 ien
—EVFFe 2(p1y+ pa) = NI ce’?py

1 I o 1 72 g2 1 :
- ZF sin Op;; — E\e’IT sge"? " pan — ZF sin fpy,. (21c)

The simplified current expressed in the ER is given by
I =2[c3l + 57T - \VIT sin 6 cos(@/2)]pgo
—2[cfl + 53" + \I'T" sin 6 cos(¢/2)1P aa

1 _ _ .
- E(F —1"")sin 6+ sé\e’l—‘l—"e""/2 - cévTF’e"“”z Pagp

PHYSICAL REVIEW B 77, 085309 (2008)

1 _— . = _
- E(F—F’)sin 0—céVFF'e“"/z+s%,vl’T’e‘"P/2 Pgas
(22)

which is useful for the analysis of the AB interference effect
in this configuration.

B. Calculations and discussion: Aharonov-Bohm
interference effect between two pathways

Below, we present numerical analyses for first-order reso-
nant tunneling through a CQD interferometer based on the
QREs of Egs. (7a)-(7¢), and the current formula [Eq. (12)].
To start, we emphasize the interference effect on tunneling
due to the additional pathway. As an illustration, we carry out
calculations by changing the tunnel-coupling strength I'" of
the additional path from O (the series configuration) to I" (the
completely symmetrical parallel configuration), as shown in
Fig. 5 for two cases, g,/I'=1.0 and —1.0, respectively, in the
absence of magnetic flux, ¢=0.

We note that the interference effect significantly changes
transport properties when the system is in configuration (f)
for £,/T">0, while it has little influence on tunneling when
g4/ <0. This asymmetry of the interference pattern is also
due to strong interaction. As displayed in Fig. 5(c), the eigen-
level B is always singly occupied in configurations (a) and
(e), which blocks entry of an additional electron to the CQD,
leading to vanishing current, irrespective of whether the ad-
ditional tunnel path is available or not. Increasing the tunnel
rate I'" of the additional pathway suppresses the current until
it entirely vanishes in the case of a completely symmetrical
parallel geometry, I''=I", for the bias-voltage window 3
>|V/T|>1 of the system with £,/I'=1.0 and Q/T'=1/2
[configuration (f)] as depicted in Fig. 5(a). Accordingly, the
differential conductance finally develops a two-peak struc-
ture located at the bias-voltage values, separating configura-
tions (f) and (c) with an enhanced peak height [Fig. 5(b)].
This behavior can be intuitively interpreted as a result of
perfectly destructive quantum interference between the addi-
tional pathway and the original one for configuration (f).

C. Finite-bias-induced Aharonov-Bohm oscillations and
magnetic-flux-induced negative differential conductance

In this section, we examine the magnetic-flux dependence
of coherent tunneling through the parallel CQD. Above, we
found that nonzero tunneling current occurs only for con-
figurations (f) (finite bias voltage) and (c) (infinite bias volt-
age). We consider these two cases.

We determine the nonequilibrium dot occupations pyy(y)
and tunneling current / based on the simplified QREs of Sec.
IV A. The calculated results are illustrated in Fig. 6 for a
CQD with I'"/T'=0.5 and /I"'=0.5. Clearly, the dot occu-
pations exhibit periodic oscillations with period 47 for both
cases. Actually, our previous studies have already shown that
interdot hopping yields periodicity of the AB oscillation as
4713 We further observe that p,;~sin(¢/2) and p,,
~—sin(¢/2) for configuration (c), leading to a magnetic-
flux-independent result for pyy=1-2(p;;+pyn). Since I/T’
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. . o FIG. 5. [(a) and (c)] The average current and
_04 '/r=0 [(b) and (d)] the differential conductance % Vs
4 6 6 4 —— - 04 4 6 bias voltage for several increasing tunnel-
“““““““ 02 coupling strength values I''/I'=0, 0.1, 0.2, 0.5,
’ ’ ’ and 1.0 of the additional path without magnetic
(b) @ T =05 flux, ¢=0, for the systems with [(a) and (b)]
0.8 0.8 1.0 g4/T'=1.0 and [(c) and (d)] e,/T'=-1.0. Other pa-
rameters are ()/1'=0.5 and 7/1"'=0.05.
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~ poo [Eq. (20)], the current of configuration (c) is conse- configuration (c) could become a periodic function of mag-
quently independent of magnetic flux, as shown in Fig. 6(b). netic flux.
This result is quite surprising. In fact, if dissipative mecha- The current of configuration (f) is complex according to

nisms are considered, p,, may not be completely out of  Eq. (22). The results of the preceding section show that per-
phase with p;; (i.e., partial interference), thus the current of  fectly destructive quantum interference causes the current to
vanish for zero magnetic flux, ¢=0, in this configuration

0.8 ] ,
® e /T=1.0 [_ , _\\
0.6} 05! QIr=0.5 ] \S 1
o Pr=09 - p /
< 0.4f — s J
a
0.2 ——— 0/n=0
-==05
% 2 0 L T o
- - p
11 o | _ _ 15 4
P2
06 (b)
’ f
0.5}
0.4f >
= 3
0.3} ¢ =
0.27
0.1}
0 - - .
-4 -2 0 2 4 -2 0
o/m v/r
FIG. 6. Calculated magnetic-flux dependence of (a) the dot oc- FIG. 7. (a) Calculated tunneling current / and (b) differential

cupations p;; and py, and (b) the tunneling current for a CQD with conductance % for a CQD with I'"/I'=0.9, ¢,/I'=1.0, and Q/I"
I'"/T'=0.5 and Q/T'=0.5 in configurations (c) (thin lines) and (f) =0.5 for various magnetic fluxes (¢/7=0, 0.5, 1.0, 1.5, and 2.0).
(thick lines), respectively. The temperature is 7/1'=0.05.
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[Fig. 5(a)]. Application of a magnetic field will induce varia-
tion of the interference effect from a destructive pattern to a
constructive one. Therefore, one can expect that the enclosed
magnetic flux, ¢= * 27, will enhance the current due to per-
fectly constructive interference. A striking result we obtain is
that the enhanced current may be much larger than the con-
stant current of configuration (c), indicating the appearance
of a NDC at the boundary between configurations (f) and (c).
The variation of the -V characteristic and differential con-
ductance with varying magnetic flux is shown in Fig. 7.

D. Finite interdot Coulomb repulsion U

Here, we examine the transport of a CQD in the case of
weak dot-dot Coulomb interaction, U=21I".

Figure 8(a) plots the calculated current for a series CQD
with &,/I'=1.0 and various interdot hoppings, /I
=0.25-1.0. Different from the case of infinite U, a NDC is
observed around 2(\g+U) even for a series CQD with weak
interdot coupling ()/I"<0.5. This NDC behavior was first
reported in our previous study'® and was ascribed to deco-
herence effect in coherent tunneling due to the coupling to
leads.>>* From Figs. 8(b) and 8(c), we observe that this
NDC is robust against the additional pathway I"’ in the ab-
sence of magnetic flux and it is tuned to positive differential
conductance when applying the magnetic field. It is worth

- (n,m)

Poo =~

1
21— 27— . - -
+ ol at el 120+ 5 sin O(I' 15, + FLZla):|paa

1
ey o+ 30 + syt s+ 550 + 5 sin O, + T

(n—1,m

. I T .
'+ {Cérmm"' Sl Roza* 5 S O r120 + FRZla):|paa

noting that in the case of weak interdot Coulomb repulsion,
above mentioned magnetic-flux-controlled NDC still remains
around the boundary between configurations (f) and (c)
[here, configuration (c) is at the bias voltage region
3<V<5].

V. ZERO-FREQUENCY SHOT NOISE

A. Two-terminal number-resolved quantum rate
equations and MacDonald’s formula

This section is concerned with the discussion of zero-
frequency current noise of the CQD interferometer in the
case of U— . For this purpose, we employ MacDonald’s
formula for shot noise*’ based on a number-resolved version
of the QRESs describing the number of completed tunneling
events.*® This can be straightforwardly derived from the es-
tablished QREs [Egs. (7a)—(7e)]. We introduce the two-

. . . (n,m)
terminal number-resolved density matrices [ (1), repre-
senting the probability that the system is in the electronic
state |x) (for y=x') or in the quantum superposition state
(for x # x') at time ¢ together with n (m) electrons occupying
the left (right) lead due to tunneling events. Obviously,

Pyy’ (t):Enympi:;',")(t) and the resulting two-terminal number-

resolved QREs for arbitrary bias voltage and interdot hop-
ping are

e T2B -T75 ﬁ)}l’(()y(l)'m)

(n,m—1)

1 1
27— 27— . - - -1, 27— 27— . - - -1
+ S6FL11,8+60FL22B_5 sin 9(FL12,3+FL21/3)]P21;3 " |:SHFRIIB+CGFR22B_ESIH a(rmzﬁ*‘rmw)]l’gﬁm )
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1 _ _ n—1,m n—1,m 1 . _ — — — n,m—
*ta sin O, 110+ TL1p = Tiaga — FLZZﬁ)(p b g P(ﬁa] )+ 4 S O k110 + Triip = Troza = FRzzﬁ)(P(a/s + P( Ba V)
+ [Se(ruza + 110 - coTiarat FL21/3)]P(n by [SG(FRIZa +ri2p) — coTrara+ FRzm)]P(n A
[Ce(FZua +110p) - Sy T a0+ FLZIB)]p(n b _[CH(FRIZQ +ri2p) = Sy Trota+ szua)]P/; oY, (23a)

1 1
2 . 1 2 2 . 7 1
P(J«m |:C0FL1101 + 590 1200+ 5 = sin 0T, + FZZIa):|pO%+ " 4 |:C0F-I;11a+ Sel Ro2a+ 5 sin O(Tg50 + F;zla)]l)f)z)m :

1
- [CéFIla + S029F52(1 + 5 sin G(FIZCY + Fgla):| pglam)

1
- sm 071 5= T2p) (Pujs

(nm) - (n.m)
Jm nam)

n,m 1 - - n,m
- _(Serlzﬁ Cerzlﬁ)P( : E(Sérzm_ C%}rnﬁ)P(Bc} . (23b)
- (n,m) + 2 1 (n+1,m) 21+ 21+ 1 . + + (n,m+1)
Pep = FLl],B+ el T~ 2 S sin 0 g+ Tiig) oo™ + | Sl kinp+ €9l kanp = 5 Sm 0T k12p+ Tra1p) P00
1 . — - n,m n,m
- |:S0F“ﬁ+ CHFZZB ~ sin 0(F12B+F21ﬁ)]p55 —5 5o 0T, — F22a)(PEw >+p<ﬁa )
(n,m) 1 21—
_(Sarlza CHFZIa)p E(SHFZIa C0F12a)p[3a , (23¢)
- (n,m) (n, m) 1 . + + + + 1 1 + (n+1,m)
Pap =i28p,p Zsm 0(FL11a+FLII,B_FLZZa_FL22B) CG(FL12a+FL12/3)+ sﬁ(FL21a+rL21B) Poo
l in O(T';, s rs rt l 2 Tt Tt l 2 r: T (n.m+1)
+ 45111 (TRita+ rR11p~ L R2a~ R22B)_2C0( R12at Rl2,6’)+2s0( R21at RZIB) Poo
L TT1a+T500) + 55715+ T500) L Oy, + 1%, — Tt =135 [plam
5 Coll 1ot L oop) 50 1151 1 02a ) sin Ratl2ia=Viog=1218) |Pap
l 21— s (n,m) l ZF— 21— l . - = (n,m)
+2 col 20— SHFZIa sm 0L 10— 124) [Pac +2 Co 12,B_S0F21B_251n 0T 15— T2p) |Pgj" - (23d)
|
The current of lead 7 can be evaluated as
5,(00=2" [En P e) ~ (1) ] (26)
L=Ny0)= L3 0, P 24) -
=N\ = nyP ’ To evaluate S,(0), we define an auxiliary function G:X,(t)
| = as
where
( ) ) G /(1)= Ennp“’ ), 27)
P (6) = pii™ (1) + piy " (1) + p%™ (1) (25)

is the total probability of transferring n (m) electrons into the
left (right) lead by time ¢ and n,=n (m) if »=L (R). It is
easily verified that the current obtained from Eq. (24) by
means of the number-resolved QREs [Egs. (23a)—(23d)] is
exactly the same as that obtained from Eq. (12). The zero-
frequency shot noise with respect to lead 7 is similarly de-
fined in terms of P""(7) as well;22:2947.48

whose equations of motion can be readily deduced
employing the number-resolved QREs [Egs. (23a)—(23d)]
in matrix form: G7(f)= M, G"(t)+G,p(1), with G(1)
_(GOO’Gaa’GBﬁ’Ga,B’GBa)T and  p()=(poo;Paa>Ppp>
Paps pﬁa) . M, and G, can be read easily from Egs.
(23a)—(23d). Applying the Laplace transform to these equa-
tions yields
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sd/l':z.o o
T/T=0.05 R

FIG. 9. Calculated Fano factor, F=S(0)/2I, for the series-
connected CQD with g,/I'=2.0 and various values of Q/I" (3/8,
1/2, 1, and 2). The temperature is 7/T'=0.05.

G"(s) = (sT = M,)™'G,p(s), (28)

where p(s) is readily obtained by applying the Laplace trans-
form to its equations of motion with the initial condition
p(0)=p,, [p, denotes the stationary solution of the QREs,
Eqgs. (7a)—(7¢)]. Due to the inherent long-time stability of the
physical system under consideration, all real parts of nonzero
poles of p(s) and G”(s) are negative definite. Consequently,
the divergent terms arising in the partial fraction expansions
of p(s) and G”(s) as s—0 entirely determine the large-z
behavior of the auxiliary functions, i.e., the zero-frequency
shot noise [Eq. (26)].

It is worth mentioning that (1) our two-terminal number-
resolved QREs [Egs. (23a)—(23d)] facilitate evaluation of the
bias-voltage-dependent zero-frequency shot noise for arbi-
trary interdot hopping, and (2) our calculations yield S;(0)
=Sz(0).

B. Results and discussion

We confined our studies to the case €,>0. The Fano fac-
tor, F=S(0)/21, is used as the main tool to classify current.!?
It should be noted that because we use the formula F
=S5(0)/2I to calculate it numerically, the Fano factor shown
in the figures below is physically meaningful only when cur-
rent increases above zero to avoid numerical divergence.
Thus, our calculated Fano factor is physically meaningful
only for configurations (f) and (c).

To start, we discuss shot noise for a series-connected
CQD with symmetric geometry, I'; ;;=I"zy=1I". In the case of
configuration (c), i.e., the extremely large bias-voltage limit
with zero temperature, we obtain an analytical expression for

the Fano factor:2°
_80x*-8x+1 29)
(14120

with x=Q/I". For configuration (f), i.e., with appropriately
small bias voltage, we have

0.4 2.5

PHYSICAL REVIEW B 77, 085309 (2008)

81921 +896:° + 441
I 21+ 128¢)?

(30)

The results indicate sub-Poissonian shot noise, i.e., F<1, in
the effective bias-voltage regime for any dot-dot hopping
strength, as shown in Fig. 9. If the dot-dot hopping strength
is set moderately weak, /1" <0.978 (which can be achieved
by tuning the coupling potential between the two dots via
applied gate voltage), we have F;>F; otherwise, F;<F,.

We also examine the effect of the bias-voltage-induced
shifting of bare levels on the shot noise in Fig. 10. It is
shown that this shifting results in (i) a weak enhancement of
the shot noise, i.e., a super-Poissonian noise to be a compan-
ion to the NDC when the eigenlevel 8 dominates in trans-
port, and (ii) a constant Fano factor F=1/2 at the extremely
large bias-voltage region.

Focusing attention on the more general parallel CQD ge-
ometry, we discuss the quantum interference effect of the
additional pathway on shot noise. Our calculated results in
the absence of magnetic flux are plotted in Fig. 11, including
the shot noise S(0) (normalized to %ZF), the current I (nor-
malized to %F) for comparison, and the Fano factor. We find
that the system exhibits a huge Fano factor with increasing
tunneling rate of the additional branch in the case of configu-
ration (c).2° At zero temperature, we arrive at analytical ex-
pressions

4xX°T(y+1)

= 5, 31
T y+ 1)+ 1247 BD)

F.=[(807 + 352y + 80)x* + (- 8%* + 160y’ + 336 + 160y
—8)x2+7°+10y + 317y + 449’ + 3192 + 10y + 1]
X(y=1D7[y+ 1)+ 126°]7, (32)

with x=Q/I" and y=I""/TI". It is obvious that (1) in the case
of a series CQD, Eq. (32) reduces exactly to Eq. (29), exhib-
iting sub-Poissonian behavior; and in contrast, (2) F.>1
with increasing .?

It should be noted that all calculations in the present paper
are performed under the assumption of full interference be-
tween the two pathways and infinite interdot Coulomb repul-
sion. If decoherence is taken into account due to some dissi-
pative mechanisms, the degree of interference will naturally
lessen, thus leading to a great suppression of the Fano factor.
In particular, in the case of full noninterference, the Fano
factor reduces to a constant F=10/27, exhibiting sub-

(b)

n=0
1/4 FIG. 10. (a) Zero-frequency shot noise S(0)

(dashed lines) and tunneling current / (solid
lines), and (b) the Fano factor F, for the series
CQD with ¢,/ I'=1.0, Q/T'=1/2, and shifting
factors 7=0 and 1/4. The temperature is 7/I°
=0.05.
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(a) a f

3.5

25 B ed/F=2.0
QII=1

LS

0.5F

o L TN

FIG. 11. (a) Zero-frequency shot noise S(0)
and tunneling current /, and (b) the Fano factor F,
for the case e,/1'=2.0 and O/I'=1 with various
values of I"’/I" in the absence of magnetic flux.
The temperature is 7/1'=0.1.

v/ir

Poissonian shot noise. On the other hand, it has been re-
ported that the noise is always sub-Poissonian in the case of
no interdot Coulomb interaction.?

The phase effect on shot noise in a CQD interferometer
tuned by magnetic flux is of special interest for configura-
tions (c) and (f). We exhibit the magnetic-flux dependence of
current, shot noise, and Fano factor in Fig. 12 with I'"/T"
=0.5 at zero temperature. Due to interdot hopping, both the
current and shot noise exhibit periodic oscillations with pe-
riod 417 (as well as the Fano factor) for configuration (f). The
current nearly vanishes around zero magnetic flux, ¢=0, as
indicated in Fig. 6(b) in Sec. IV C, while the shot noise is
suppressed more strongly due to the effect of perfectly de-
structive quantum interference. In contrast, constructive

obw== "] s N PN et s Tl

0
o/m

FIG. 12. Calculated magnetic-flux dependence of the zero-
frequency shot noise S(0), tunneling current /, and the Fano factor
F=5(0)/2I for a system with /I'=1.0 and I'’/T'=0.5 in configu-
ration (c) [panel (a)] and (f) [panel (b)] at zero temperature.

quantum interference enhances the zero-frequency shot noise
more than the current, giving rise to super-Poissonian noise
F=5/4 at o= %21 even for configuration (f). On the other
hand, the shot noise for configuration (c) displays a different
magnetic-flux dependence from that of configuration (f).
Both S(0) and F are observed to behave as ~|sin(¢)|. Inter-
estingly, varying magnetic flux could change the shot noise
from super-Poissonian, F=10 at ¢=2n (n is an integer), to
sub-Poissonian, F=0.33 at ¢=2(n+1). Actually, we have
derived an analytical expression for noise in configuration
(c) and o= *

F.=[80x* - 8(YV+2y+ D+ Y+ 49’ + 692 + 4y + 1]
X[(y+1)%+ 12x%]72, (33)

indicating sub-Poissonian noise. It is also of interest to point
out that at these values of magnetic flux [¢ around 2(n
+1)], the quantum interference effect induces NDC even
for a very weak tunneling rate of the additional pathway,
I'"/T'=0.1, as indicated in Figs. 6 and 7 in Sec. IVC
(roughly ¢=1.27), but super-Poissonian noise is not neces-
sarily an accompaniment of this magnetic-flux-tuned NDC.

VI. CONCLUSIONS

In summary, we have analyzed first-order transport
through a CQD AB interferometer with finite dot-dot hop-
ping, determining the /-V characteristics, zero-frequency cur-
rent noise, and their magnetic-flux dependence. To accom-
plish this, we established generic QREs in terms of the ER,
employing a quantum Langevin equation approach in the
weak-tunneling limit. These QREs are valid for arbitrary
temperature and bias voltage, as well as arbitrary dot-dot
hopping, improving upon our previous derivation which was
limited by the restriction that interdot hopping be much
weaker than dot-lead coupling, i.e., Q<T.

We have also derived the current and Schottky-type shot
noise formulas in terms of the RDM elements. Our theory
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proves that the previous scheme for evaluating the
frequency-independent part of the classical intrinsic shot
noise (i.e., all tunneling processes providing contributions to
current always yield positive contributions to the Schottky-
type shot noise) remains valid in the formulation of
quantum-based rate equations in the ER.

Employing the QREs derived here, we have systemati-
cally analyzed coherent resonant tunneling through a CQD in
series and parallel configurations, respectively. By discussing
the variation of the energetic configuration with increasing
bias voltage, we have explained the asymmetric transport
property in the series CQD. We have also examined the ef-
fect of the bias-voltage-induced shifting of bare levels of the
CQD and found the appearance of a NDC. For the parallel
CQD, our numerical results have shown that (1) the current
of configuration (c) is independent of magnetic flux due to
the combination of full interference and strong Coulomb
blockade effect; (2) AB oscillations emerge in the current in
the small bias-voltage regime, i.e., the case of configuration
(f); and (3) the current nearly vanishes completely around
¢=0 due to perfect destructive interference, while it is
greatly enhanced around ¢=2 due to constructive interfer-

PHYSICAL REVIEW B 77, 085309 (2008)

ence, and it may even be much larger than the current of
configuration (c), suggesting the possibility of magnetic-
flux-controllable NDC.

Finally, we have investigated zero-frequency shot noise
using MacDonald’s formula by rewriting the fully developed
QRE:s in terms of a two-terminal number-resolved density-
matrix form. The main result we obtained is that the com-
bined effect of interference between two path branches and
the infinite interdot Coulomb interaction may induce a huge
Fano factor, which can also be controlled by manipulating
magnetic flux.
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